
U SE OF  T H E  C E L L U L A R  M O D E L  IN C A L C U L A T I N G  

T H E  V I S C O S I T Y  O F  D I S P E R S E  S Y S T E M S  

V. M. S a f r a i  

In analyzing p r o c e s s e s  in concentrated disperse  sys tems it is not possible to d is regard  the effect of 
the per turbat ions  introduced by each par t ic le  into the hydrodynamic field of the dispers ion medium on the 
motion of the remaining par t ic les .  This effect can be taken into account within the f ramework  of the "cell-  
u lar"  model, which is frequently used to investigate d isperse  sys tems and also in the kinetic theory of 
dense gases [1-3]. At high concentrat ions only the interaction between a par t ic le  and its neighbors is im-  
portant ,  i.e., the hydrodynamic interaction between an individual par t ic le  and other more remote par t ic les  
is  effectively "sc reened  out." According to the cel lular  model to each spherical  par t ic le  of radius a there 
cor responds  a hypothetical surface ("cell~), which in the f i r s t  approximation may be regarded  as a con- 
centr ic  sphere of radius b >a, flow per turbat ions  crea ted  by the remaining par t ic les  affecting the flow 
over  an individual par t ic le  only through the agency of the boundary conditions at the cell  surface.  In what 
follows this model is used as a basis  for  obtaining expressions for the effective coefficient of v iscosi ty  
of d isperse  sys tems  for  var ious  fo rms  of the boundary conditions at the cell surface differing f rom those 
employed in [4]. As distinct f rom [1], where suspensions of solid par t ic les  were  considered,  the resul ts  
obtained here relate  to the case in which the inclusions are  not solid. 

Let a spherical  par t ic le  be introduced into a flow of incompressible  fluid descr ibed by the velocity 
distr ibution vi(~ = aijxj ,  where cqj is the constant symmet r i c  velocity gradient tensor ,  whose t race  ~ii = 0 
by virtue of the continuity equation [5]. The corresponding solution of the hydrodynamic problem for Stokes 
flow over  a liquid par t ic le  has the form [4] 

v ( l ) :  (2A ~ B r  -5 -~ 5Cr -~) (v (~ r) r ~ ( - -  5 A t  2 - -  2Cr -~ -~ D) v (~ 

v (2)= 2A'  (v(~ r -t- ( - -  5 A ' r  2 ~- D ~) v (~ (1) 

p ( t ) =  ~tl ( - -  2 tA -~ 2Br -5) (v(~ p(~)= - -  21~2A' (v(~ -~ p~ 

(the center  of the par t ic le  is located at the coordinate origin). Here v ,(1), p(i), #i  and v (2),p(2), #2 are the 
velocity, p r e s s u r e ,  and viscosi ty  outside and inside the part icle ,  respect ively;  A, B, C, D,A',  D' are  a rb i t r a ry  
constants;  the significance of the quantity Pa is discussed in detail in [4]. 

Keeping in mind the s t r e s s  equations of motion 

aaij / Oz] ~ O, 

both outside and inside the par t ic le ,  we employ the identity 

o i ~  = 0 ((~i~xh) / ax  i ,  

which enables us to use the Gauss divergence theorem in calculating the value of the s t r e s s  tensor  a v e r -  
aged over  the volume of the sys tem (Crik) 

t f d 3 (1) x .x .  dS =- ~ikP,1 (--  8.4 Ab ~ - -  i .2Bb -s -~ 2D) 
Vo r=b 

(2) 

where V 0 is the volume of the cell. (Here we have made use of the continuity of the vector  crijx] ac ross  the 
surface of the par t ic le  r = a.) By direct  calculation we obtain 
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Or. OG\ i [Ov~ 0%~ 

F r o m  the l a s t  two e x p r e s s i o n s  t h e r e  fo l lows  the  equa t ion  fo r  the  s c a l a r  e f f ec t i ve  v i s c o s i t y  of the  

d i s p e r s e  s y s t e m  

F = ~1 [i + 5B / (2iAb 5 --  2B --  5DbS)]. (3) 

(We note  tha t  in [4] an e x p r e s s i o n  s o m e w h a t  d i f f e r e n t  f r o m  (2) was ob ta ined  as  a r e s u l t  of the  i n c o r -  
r e c t  a v e r a g i n g  of  the  s t r e s s  t e n s o r . )  

At the  s u r f a c e  of the  p a r t i c l e  the  fo l lowing  cond i t i ons  should  be  s a t i s f i e d :  con t inu i ty  of the  v e l o c i t y  
v e c t o r ,  d i s a p p e a r a n c e  of the  n o r m a l  c o m p o n e n t s  of the  v e l o c i t i e s ,  and con t inu i ty  of the  t a n g e n t i a l  and n o r -  
ma l  s t r e s s e s .  The quan t i t y  p g  f r o m  (1) e n t e r s  into on ly  the  l a s t  of  t h e s e  cond i t i ons  (for  f u r t h e r  d e t a i l s  see  
[4]). 

R e g a r d i n g  the b o u n d a r y  cond i t i on  at  the  s u r f a c e  of  the  c e l l  r = b v a r i o u s  op in ions  a s s o c i a t e d  with d i f -  
f e r e n t  a t t i t u d e s  to  the c e l l u l a r  m o d e l  a r e  e x p r e s s e d  in the  l i t e r a t u r e .  We wil l  c o n s i d e r  t h r e e  a p p r o a c h e s  to  
the p r o b l e m .  

1. Le t  v (0 = v (~ at the  s u r f a c e  of  the  c e l l .  Th is  c o n d i t i o n  has  been  u s e d ,  for  e x a m p l e ,  by  S imha  [1] in 
c a l c u l a t i n g  the  v i s c o s i t y  of c o n c e n t r a t e d  s u s p e n s i o n s  of s p h e r i c a l  p a r t i c l e s .  R e s o r t i n g  to th i s  cond i t ion  to 
c l o s e  the  a l g e b r a i c  s y s t e m  of  e q u a t i o n s  fo r  the  unknown c o n s t a n t s  and i n t r o d u c i n g  z : / ~  2/~ t, ~ = a/b, we 
ob t a in  

10• + 4 -- iO~ 7 (• -- l )  ] 

(~,• : ix1 I + ~3.4 (• + ~.) - -  5~ 3 iS• + 2) + 42~5• - -  5~ 7 (5• - -  2) + 4~ ~o (• - -  l)  " (4 )  

In the  l i m i t  as  ~< ~ oo, t h i s  e x p r e s s i o n  t a k e s  the  fo rm:  

Io (l  -- ~') 

which c o i n c i d e s  with the e x p r e s s i o n  ob t a ined  by  Simha.  In the  l i m i t  as  ~ ~ 0, which  c o r r e s p o n d s  to gas  
b u b b l e s ,  we have 

2 + 5~ 7 ] 
F ( ~ ) : , u ' I  l + ~ S  2 - - 5 ~  3 + 5 ~  7 - 2 ~  1~ ' (6) 

2. Le t  the  s c a l a r  cond i t ion  Vr0) = Vr (~ be  s a t i s f i e d  at the  c e i l  s u r f a c e  and,  m o r e o v e r ,  let  t h e r e  be  no 
s h e a r  s t r e s s e s  be tween  n e i g h b o r i n g  c e l l s  c a u s e d  by  p e r t u r b a t i o n s  of the  ma in  s t r e a m  in t roduc e d  by  the  
p r e s e n c e  o f  the  p a r t i c l e s  [2]. 

In th i s  c a s e  we ob ta in  

25• + 10 + i0~ 7 (• -- l) 
(% • = ~ [I + ~ 10 (• + I) - 2~' (5• + z) - 21~• + 5~ (5~- z) - 4~o (~ - I)] 

As • r-~ co 
25 + 10~ 7 

As • --'- 0 
s 5 

(7) 

(8) 

(9) 

3. Thus ,  two cond i t i ons  a r e  i m p o s e d  at  the  s u r f a c e  of  the  c e l l .  Of t h e s e  the  m o r e  n a t u r a l  f r o m  the 
p h y s i c a l  s t andpo in t  is  the  cond i t i on  tha t  the  n o r m a l  c o m p o n e n t  of  the  v e l o c i t y  p e r t u r b a t i o n  v a n i s h e s .  In [4] 
an a t t e m p t  was  m a d e  to  m a k e  do with p r e c i s e l y  th i s  s ing le  b o u n d a r y  cond i t i on  at  r = b. H o w e v e r ,  in th i s  
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c a s e  the n u m b e r  of c o n s t a n t s  f i g u r i n g  in (1) e x c e e d s  by  one the 
n u m b e r  of b o u n d a r y  cond i t i ons .  In [4] in o r d e r  to o v e r c o m e  th i s  
d i f f i cu l t y  it was r e q u i r e d  that  the  so lu t ion  of  the  l i n e a r  h y d r o d y -  
n a m i c  p r o b l e m  of  the  d i s t u r b a n c e  of the  m a i n  flow by a s u s p e n d -  
ed p a r t i c l e  c o n s i s t  of  two add i t i ve  p a r t s :  the u n d i s t u r b e d  flow in 
the  a b s e n c e  of  a s p h e r e  ~ i jx j  and the flow d e t e r m i n e d  by  the 
p r e s e n c e  of  a p a r t i c l e  f r e e  of c o m p o n e n t s  p r o p o r t i o n a l  to the 
m a i n  flow. Se t t ing ,  by  v i r t u e  of th i s  a s s u m p t i o n ,  D = 1 e v e r y -  
w h e r e  in the b o u n d a r y  cond i t ions  and f inding the  cons t an t  AB, 
f r o m  (3) we ob ta in  

5 (5u + 2) § 10~7 (• -- i) ] 
(4, x) ~ ~i i -~ ~3 io t~ ~- i) ~- 5~ 8 (5• ~- 2) - -  56~+u ~- 5~ v (5~ - -  2) - -  4~ I~ (• - -  i) 

AS ~4 --> c~ 

~(~)=[~1 l +  ~8 iO+25~8--56F.s+25~'--4~ l~ 

A s ~ o O  

(10) 

(11) 

(12) 

It should  be  no ted ,  h o w e v e r ,  tha t  th i s  a p p r o a c h ,  though j u s t i f i e d  in the  c a s e  of an inf in i te  flow o v e r  a 
s i n g l e  p a r t i c l e ,  is  not s u f f i c i e n t l y  we l l  founded in the c a s e  in ques t ion .  

It should  be  kept  in mind  tha t  in Eqs .  (4)-(12) the  v i s c o s i t y  is  e x p r e s s e d  in t e r m s  of the  r a t i o  of  the  
p a r t i c l e  r a d i u s  to the  ce l l  r a d i u s .  The v i s c o s i t y  depends  on the vo lume c o n c e n t r a t i o n  of the  i n c l u s i o n s ,  b e -  
c a u s e  the  ce l l  r a d i u s  v a r i e s  with c o n c e n t r a t i o n .  G e n e r a l l y  s p e a k i n g ,  b ~ ap-1/~;however,  it is s c a r c e l y  
p o s s i b l e  to s p e c i f y  an exac t  va lue  of  the ce l l  r a d i u s  that  would be  s u i t a b l e  o v e r  the e n t i r e  r a n g e  of c o n c e n -  
t r a t i o n s ,  the  m o r e  so in that  the a s s u m p t i o n  tha t  the  ce l l  is s p h e r i c a l  is  i t s e l f  v e r y  a p p r o x i m a t e .  In the  
f i r s t  a p p r o x i m a t i o n  it m a y  be  a s s u m e d  tha t  b = ap -1/~, which c o r r e s p o n d s  to i d e n t i f i a a t i o n  of the  ce l l  v o l -  
ume with the  s p e c i f i c  vo lume  of  a p a r t i c l e  in the  s y s t e m .  In th i s  (and on ly  th is)  c a s e  at s m a l l  c o n c e n t r a -  
t ions  e x p r e s s i o n s  (4), (7), and (10) go o v e r  into the  equa t ion  ob ta ined  by  T a y l o r  for  d i lu te  e m u l s i o n s  of 
s p h e r i c a l  d r o p l e t s  of  one v i s c o u s  l iquid  in ano the r ;  e x p r e s s i o n s  (5), (8), (11)go o v e r  in to  the  E i n s t e i n f o r m u l a ,  
and (6), (9), (12) into the f o r m u l a  of  Hut and M a r k  for  a l o w - c o n c e n t r a t i o n  d i s p e r s i o n  of gas  bubb le s  in a 
v i s cous  l iquid  [6]. G r a p h s  of the r e l a t i o n s  (5), (8), (6), (9), c o r r e s p o n d i n g  to ~3 = p, a r e  p r e s e n t e d  in the  
F ig .  1, f r o m  which,  in p a r t i c u l a r ,  it c an  be  s e e n  that  the c u r v e s  c o r r e s p o n d i n g  to c a s e  2 c o i n c i d e  with the  
r e l a t i o n s  of  E i n s t e i n  and of Hut and M a r k  o v e r a  s o m e w h a t  b r o a d e r  r a n g e  of c o n c e n t r a t i o n s ;  h o w e v e r ,  it is  
d i f f i cu l t  to dec ide  in f a v o r  of one m o d e l  r a t h e r  than ano the r .  

We note  that  the  r e l a t i o n s  ob ta ined  d e s c r i b e  on ly  that  p a r t  of the  t o t a l  m o m e n t u m  t r a n s f e r  in the  s y s -  
t e m  that  depends  e x c l u s i v e l y  on the d i s t o r t i o n s  of the  s t r e a m l i n e s  as  the l iquid  f lows t h r o u g h  a n e t w o r k  of 
s t a t i o n a r y  p a r t i c l e s .  In r e a l i t y ,  in d i s p e r s e  s y s t e m s  t h e r e  is m o m e n t u m  t r a n s f e r  a s s o c i a t e d  with the r a n -  
d o m  f luc tua t ions  of the  p a r t i c l e s  and the  l iquid .  T h e r e f o r e  the v i s c o s i t y  c a l c u l a t e d  he re  c o i n c i d e s  with the 
e f f e c t i v e  v i s c o s i t y  of  the  d i s p e r s e  s y s t e m  on ly  when the p a r t i c l e  f luc tua t ions  a r e  i n s ign i f i can t .  A m o r e  d e -  
t a i l e d  d i s c u s s i o n  m a y  be  found in [4]. 

In c o n c l u s i o n  it should  be  e m p h a s i z e d  that  the e f f ec t i ve  v i s c o s i t y  is d e t e r m i n e d  as  the  p r o p o r t i o n a l -  
i ty f a c t o r  r e l a t i n g  the  va lue  of  the  s t r e s s  t e n s o r  a v e r a g e d  o v e r  the  vo lume  of the s y s t e m  and the m e a n  
value  of the  v e l o c i t y  g r a d i e n t  t e n s o r  and not <crik ) and 2 ~ i k  , a s  in [8], w h e r e  the c a l c u l a t i o n s  of  the v i s -  
c o s i t y  of  d i l u t e  s u s p e n s i o n s  made  in [5] a r e  r e p e a t e d ,  but  w h e r e  it is  u n j u s t i f i a b l y  p r o p o s e d  to r e p l a c e  the  
f r e q u e n t l y  c o n f i r m e d  t e r m  2.5p in the E i n s t e i n  f o r m u l a  by  1.5p. 

The a u t h o r  thanks  Yu. A. Buev ich  for  d i s c u s s i n g  the  r e s u l t s .  
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